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Abstract
Stringy canonical forms are a class of integrals that provide α′-deformations of the canonical
form of any polytopes. For generalized associahedra of finite-type cluster algebra, there exist com-
pletely rigid stringy integrals, whose configuration spaces are the so-called binary geometries, and
for classical types are associated with (generalized) scattering of particles and strings. In this paper
we propose a large class of rigid stringy canonical forms for another class of polytopes, generalized
permutohedra, which also include associahedra and cyclohedra as special cases (type An and Bn
generalized associahedra). Remarkably, we find that the configuration spaces of such integrals are
also binary geometries, which were suspected to exist for generalized associahedra only. For any
generalized permutohedron that can be written as Minkowski sum of coordinate simplices, we show
that its rigid stringy integral factorizes into products of lower integrals for massless poles at finite
α′, and the configuration space is binary although the u equations take a more general form than
those “perfect” ones for cluster cases. Moreover, we provide an infinite class of examples obtained
by degenerations of type An and Bn integrals, which have perfect u equations as well. Our results
provide yet another family of generalizations of the usual string integral and moduli space, whose
physical interpretations remain to be explored.
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2
1 Introduction
In [1] the notion of stringy canonical forms was introduced which provides vast generalizations of
tree-level string amplitudes as integrals over the moduli space M0,n 1. Various nice properties of
string amplitudes and their field-theory limits, such as factorizations for α′ → 0 limit and finite α′,
channel duality and exponential softness at UV, scattering equations, etc. all naturally extend to
stringy canonical forms. To briefly summarize the idea, let’s begin with the disk integral for the
open-string amplitudes with ordering (1, 2, . . . , n):
Iopen−string1,2,...,n ({s}) :=
∫
M+0,n
dnz
SL(2,R)
n∏
i=1
1
zi − zi+1
∏
i<j
(zj−zi)α′sij , (1)
where M+0,n is the positive part of moduli space for the ordering, and PTn := d
nz
SL(2,R)
∏n
i=1
1
zi−zi+1
its canonical form [5]. With a positive parametrization {x1, . . . , xn−3} ofM+0,n, this canonical form
becomes
∏n−3
i=1 d log xi, and the Koba-Nielsen factor
∏
i<j(zj − zi)α
′sij becomes a product of powers
of polynomials with non-negative coefficients [1]:
∏
i x
α′Xi
i
∏
I pI(x)
−α′cI . Note that we have factored
out n−3 monomials, xi, and left with n(n−3)/2− (n−3) positive polynomials pI(x), with exponents
Xi’s and cI ’s given by linear combinations of the Mandelstam variables si,j.
Stringy canonical forms Motivated by this rewriting of string integral (1), we define a general
stringy integral as a d-dimensional integral [1]
I(X, {c}) =
∫
Rd+
d∏
i=1
dxi
xi
xα
′Xi
i
m∏
I=1
pI(x)
−α′cI , (2)
where we allow m arbitrary Laurent polynomials with non-negative coefficients, pI(x), and without
loss of generality we assume exponents Xi > 0 and cI > 0 2.
Any integral of the form (2) inherits various remarkable properties of string amplitudes (1), which
all depends on the existence of a polytope P := ∑I cIN [pI ]; here N [pI ] is the Newton polytope of
the polynomial pI , and we take the (weighted) Minkowski sum [1]. First of all, one can show that
the integral (2) is convergent if and only if X = (X1, . . . , Xd) is in the interior of the polytope P
(we assume that P is d dimensional). The leading order of the integral in its α′ expansion, dressed
1The study of these types of integrals perhaps dates back to Euler, and more recently they are studied in various
contexts, see [2–4].
2These are “positive” stringy canonical forms, which are integrals over Rd+. We can also consider “complex” cases
with the integrand mod-squared and integrated over Cd, which are generalizations of closed-string amplitudes [1].
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with ddX, is given by the canonical form of the polytope, Ω(P), thus it can be viewed as an α′-
deformation of Ω(P) (hence the name “stringy canonical form”). Generically the poles of Ω(P) are
given by equations of facets for P , which are also poles of the integral at finite α′, and the residue
on any such pole is given by a stringy canonical form defined for that facet (see [1] for details).
For the string integral (1), P is nothing but the ABHY associahedron [5], whose canonical form
gives bi-adjoint φ3 amplitude as the α′ → 0 limit of (1) [6]. The poles are the planar variables
Xi,j, on which (1) factorizes into lower-point integrals even for finite α′. Moreover, the saddle point
equations as α′ → ∞ can be written as Xi =
∑
I cI∂ log pI/∂ log xi for i = 1, . . . , d; they provide a
diffeomorphism from the integration domain to P , thus Ω(P) can be computed as a pushforward
of
∏
i d log xi via summing over the saddle points [7]. In particular, for the string integral (1), the
scattering equations provide a map from M+0,n to ABHY associahedron, and the pushforward is
equivalent to the CHY formula for φ3 amplitude [6, 8].
Configuration spaces One way to describe the combinatorics of the polytope P is through the
configuration space, e.g. as the blow-up of RD+ in the x-space. However, it is usually difficult to use x
for this, even for the string integrals (1). For example, a facet usually corresponds to a complicated
limit process with x → 0 or ∞. As proposed in [9], an elegant way to realize P in configuration
space is by introducing a set of constrained u variables {uα}. The configuration space is the variety
defined by a set of polynomial equations satisfied by {uα} (or u equations), and the polytope P can
be realized combinatorially by {uα ≥ 0}. To define the u variables, we first construct the so-called
big polyhedron in the space S := (X1, . . . , Xd,−c1, . . . ,−cm) ∈ Rd+m.
The polytope P is bounded by inequalitiesW Ja SJ ≥ 0 in the space of X, whereW Ja is determined
by the facet Fa of P . These inequalities also cut out a polyhedron in the (d + m)-dimensional
space of S, which is defined to be the big polyhedron of P , and the integral I(S) converges for
each point S inside this polyhedron. Dually, we can describe the big polyhedron by its vertices.
Suppose {V αJ }1≤α≤v are its non-zero vertices (v denotes the number of vertices), a point S inside the
polyhedron can be written as SJ = FαV αJ with non-negative coefficients {Fα}1≤α≤v. Therefore, the
integral I(S) can be seen as a function of “dual coordinates” {Fα} which encourages us to rewrite
the integral to make it manifest by (here we collectively denote pJ = (x1, · · · , xd, p1, · · · , pm)) 3
I(F) =
∫
Rd+
d∏
i=1
dxi
xi
∏
α
uα
′Fα
α =
∫
Rd+
d∏
i=1
dxi
xi
d+m∏
J
pα
′SJ
J , (3)
3Note that one can indeed treat the monomials xα
′Xi
i on the equal footing as polynomials, since Minkowski sum
w.r.t. them amounts to merely translating the polytope cIN [pI ] by −Xi in the i-th direction [1].
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where we introduce a new set of variables uα =
∏
J p
V αJ
J for α = 1, . . . , v. Note that there’s no
unique way to write SJ = FαV αJ if the big polyhedron is not a simplex, i.e. v > d + m, and in
this case, u variables {uα} are not independent. Therefore, it is an important special case when
the big polyhedron is a simplex, i.e. N = v = d + m, where N is the number of facets of the
big polyhedron or the original polytope P , and inequalities Fα = SJ(V −1)Jα ≥ 0 are exactly the
inequalities W Ja SJ ≥ 0 up to resales Fα 7→ tFα for non-zero factors t, because there’s no nontrivial
linear isometry from the simplex to itself besides permutations of vertices. Therefore, we identity
the label of facets α with the label of vertices J and get V = W−1. Furthermore, every facet of the
original polytope P can be associated with a single uα going to zero.
Cluster stringy integrals and binary geometries A class of very special integrals belong to
this case [9]: stringy canonical forms for generalized associahedra of finite-type cluster algebras,
namely An, Bn, Cn, Dn, and exceptional cases (E6, E7, E8, F4, G2). These “cluster string inte-
grals” [9], and the associated “cluster configuration spaces” [9,10], turn out to be much more special
and rigid extensions of string amplitudes (1) and the moduli spaceM0,n, which correspond to the
case of type An−3. The leading order of such an integral is given by canonical function of the
corresponding generalized associahedra, whose combinatorics is attached to the Dynkin diagram
(each facet is given by removing a node), e.g. Dn → Dm × An−1−m or An−1 [9]. Even at finite
α′, it has the remarkable factorization property tied to the Dynkin diagram. Moreover, for type
B/C (known as “cyclohedron”) and D, the leading orders are associated with tadpole emission and
one-loop bi-adjoint φ3 amplitudes, respectively.
These nice properties become manifest in the configuration space: not only the big polyhedron
is a simplex, the u equations are of very special form:
1− uα =
∏
β
u
(β||α)
β , (4)
where the product is over all N variables (N facets), and the integer (β||α) ≥ 0 is the so-called
compatibility degree defined in the corresponding cluster algebra [11]. Varieties defined by u equa-
tions associated with finite type clusters are called cluster configuration spaces. We see that when
uα (for a facet α) goes to 0, it forces all the uβ with β||α > 0 goes to 1 (for facets β are exactly
those incompatible with α); the remaining u’s that are compatible with uα satisfy u equations for
the facet, which factorizes as removing a node of the Dynkin diagram. Therefore, we say that the
configuration space is a binary geometry. Note that this is true also for the complex case, and if we
further require all u variables to be positive, we have 0 < u < 1 which gives the positive configuration
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space [12]. The binary property is what guarantees the stringy integral to factorize even at finite α′:
on the pole Xα → 0, uα → 0 forces all incompatible uβ → 1 which decoupled from
∏
uα
′X , and the
integral becomes the factorized one for the facet α.
For example, the string integral (1) corresponds to type An−3, and the N = n(n−3)/2 u variables
of this configuration space are [12]
uij =
(zi−1 − zj)(zi − zj−1)
(zi − zj)(zi−1 − zj−1) ,
and they satisfy the u equations (see e.g. [13])
1− uij =
∏
(k,l)6∼(i,j)
ukl, (5)
where (i, j) 6∼ (k, l) means that the diagonals (i, j) and (k, l) of n-gon are crossed, thus the two
facets are incompatible (note here compatibility degree is just 0 or 1). For ui,j → 0, all incompatible
uk,l → 1, and the remaining u’s fall into those of the two polygons divided by (i, j), with their
own u equations. The Koba-Nielsen factor becomes
∏
i,j u
α′Xi,j
i,j where Xi,j are planar variables for
the facets of ABHY associahedron, which makes the factorization of string amplitude at finite α′
manifest. All these generalize to integrals and configuration spaces for finite type cluster algebras.
1.1 Summary of main results
It is a natural question to ask if binary geometries, whose stringy integrals factorize at any finite α′,
are extremely special and can only be products of generalized associahedra of finite type. In this
paper we answer the question in the negative by providing infinitely many new examples of binary
geometries. Before proceeding, we remark that u equations of the form (4) (which we refer to as
“perfect” u equations) imply binary geometries, but the converse is not true. Broadly speaking, for
a n-dimensional polytope P where each facet is associated with a u variable, if for any uα → 0,
we have for all incompatible facets β, uβ → 1, then such an n-dimensional variety (defined by
the u equations) is a binary geometry. From this definition, we see that the simplest example of
binary geometry is a simplex, where all facets are compatible with each other. One can realize the
configurations space by the following u equations for a n-dimensional simplex with facets labelled
by α = 0, 1, . . . , n:
1− uα =
∑
β 6=α
uβ .
As uα → 0, there is no u → 1, and all n remaining u variables satisfy the same equations for that
facet, which is an (n−1)-dim simplex. Although this example is trivial, it does show that we do
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not necessarily need perfect u equations to have binary geometries. Generically, a n-dimensional
polytope P with N facets have an n-dimensional configuration space defined by u equations
1− uα = pα({u})
∏
β
u
β||α
β (6)
where β||α ≥ 0 are integers which vanishes for β compatible with α, and pα({u}) is an arbitrary
polynomial which must equal to unity on the facet α, pα({u})|uα=0 = 1. When uα → 0, since
it appears on the RHS of equation with 1 − uβ for any incompatible β, we have uβ → 1 for any
polynomial pβ({u}). However, in the equation with 1 − uα, since all the incompatible uβ → 1 we
find pα({u})|uα=0 = 1 (where we evaluate the polynomial at uα = 0 and all incompatible uβ = 1).
For cluster configuration spaces, we have perfect u equations with pα = 1 for all α.
As the main result of the paper, we present infinitely many new examples of binary geometries
which have u equations of the form (6), and (also infinitely) many of them with perfect u equations.
The key idea to consider a class of stringy integrals for generalized permutohedra that can be realized
as the Minkowski sum of coordinate simplices as follows (more details will be given later). Given
the label set [0, n] = {0, 1, . . . , n}, we define a building set B as a collection of subsets I ⊂ [0, n]
that satisfy (1). if I, J ∈ B and I ∩ J 6= ∅, then I ∪ J ∈ B, and (2). it contains all singletons
{i}. For each subset I we have a simplex ∆I as the convex hull of unit vectors ei with i ∈ I,
and the generalized permutohedron P(B) is given by (weighted) Minkowski sum of ∆I (defined
on a n-dimensional hyperplane of the (n+1)-dim space) [14]. It is very natural to define stringy
canonical form for such a building set B: for each subset I, we have the simplest linear polynomial
xI :=
∑
i∈I xi (for singletons, x{i} = xi are the coordinates), and
IB({S}) := (α′)n
∫
Rn+
1
vol GL(1)
n∏
i=0
dxi
xi
∏
I∈B
xα
′SI
I , (7)
where the integration domain is defined projectively, i.e. up to a GL(1) redundancy thus the
exponents SI satisfy
∑
I SI = 0 (one can fix the gauge by choosing e.g. x0 = 1, then S0 drops out
and the remaining SI are independent). By construction, IB is a stringy canonical form for the
generalized permutohedron
∑
I SIN[xI ] =
∑
I SI∆I = P(B), and the leading order is given by the
volume of its dual. Note that one can split the product as
∏
I x
α′SI
I =
∏n
i=1 x
α′Xi
i
∏m
I x
−α′cI
I with
Xi := S{i} for singletons, −CI = SI for non-singleton I’s (we denote their total number as m), and it
suffices to take the Minkowski sum w.r.t. the non-singelton I’s, since the singleton ones are merely
translating the polytope. Let’s first present the simplest example with building set B given by all
the singletons {i} and [0, n]. In this case, P(B) = cN[∑ni=0 xi] is the n-dim simplex (we denote
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c := C[0,n]), given by Xi ≥ 0 with one (ABHY) constraint
∑n
i=1Xi = c. It is straightforward to see
that the u variables are ui = xix[0,n] =
xi∑
i xi
and they satisfy
∑d
i=0 ui = 1 as expected. In this case, the
integral is trivial to perform, which yields a generalization of beta function to higher dimensions:
Isimplexn =
∏n
i=1 Γ(α
′Xi)Γ(α′(c−
∑
iXi))
Γ(α′c)
:= B
(
α′X1, . . . , α′Xn, α′
(
c−
∑
i
Xi
))
,
The most important three examples ofP(B) and IB, which will be studied in detail throughout
the paper, are summarized here:
• Consider B as the collection of all n(n+3)/2 + 1 consecutive intervals of [0, n], P(B) ≡ An
is the n-dim associahedron, (7) is nothing but (n+3)-pt string integral (1); e.g. for n = 2,
B = {{i}, {0, 1}, {1, 2}, {0, 1, 2}}, and we have a pentagon A2.
• Consider B as the collection of all n(n+1) + 1 cyclic intervals of [0, n] which can wrap around
n, P(B) ≡ Bn is the n-dim cyclohedron, and in sec. 2 we will show that non-trivially
(7) is the cluster stringy integral for type Bn (not that for type Cn); e.g. n = 2, B =
{{i}, {0, 1}, {1, 2}, {2, 0}, {0, 1, 2}}, and we have a hexagon B2.
• Consider B as the collection of all 2n+1 − 1 subsets of [0, n], P(B) ≡ Pn is the n-dim
permutohedron (for n = 2, it coincides with B2). All generalized permutohedra (and their
stringy integrals) can be obtained from (that of) Pn.
Although associahedra and cyclohedra are special cases of generalized permutohedra, it is inter-
esting that (7) in these cases turn out to be exactly cluster stringy integrals of type A and B! It is
not completely surprising since these are the only two cases of cluster configuration spaces that can
be identified with hyperplane arrangement [10], which is consistent with the fact that here we only
have linear polynomials xI . In sec. 2, we will go further and discover more binary geometries with
perfect u equations, which can be obtained by “degenerating” type A and B integrals by requiring
certain SI = 0 (for example, type A integral is in fact a degeneration of the type B integral, which
was not obvious before). Some of these cases are products of lower-dim A’s and B’s, but we will see
entirely new binary geometries with perfect u equations.
Moreover, a remarkable statement we will make in sec. 3 is that, the configuration space for any
IB is always binary, which means that any uα → 0 forces all the incompatible ones uβ → 1. As we
will see explicitly withPn, its u equations indeed take the form of (6), which is no longer perfect for
n > 2, but the space is binary and the integral factorizes as a product of lower-dim permutohedron
8
integrals at finite α′! Note that an important feature of any generalized permutohedron is that
its facets are labelled by all subsets I in B except for the complete set [0, n], and on each facet
it factorizes as a product of two generalized permutohedra. The total number of facets N equals
|B| − 1 = n+m, thus the big polyhedron is indeed a simplex as expected. In sec. 3, we will present
the formula for u variables for any generalized permutohedron (which is equivalent to the formula
for its ABHY-like realization), from which the binary and factorization properties follow.
2 Configuration spaces with perfect u equations from degen-
erating An and Bn
In this section we shall consider some degenerations of An andBn and show that there are an infinite
class of examples of binary geometries with perfect u equations. To do this we shall use the fact
that both An and Bn can be realised as a Minkowski sum of coordinate simplices.
2.1 An and Bn as generalized permutohedra
Associahedron An The building set of An is B = {[i, j] : 0 ≤ i ≤ j ≤ n}. The stringy canonical
form of this building set IB({S}) is related with the original string integral eq.(1) by
zj − zi = x[i,j−1],
so Mandelstam variables are related to S by sij = S[i,j−1]. The facets of An are given by
F[i,j] =
∑
[k,l]⊂[i,j]
S[k,l],
and their solution is (a rewriting of ABHY conditions in our notation):
S[i,j] = F[i,j] + F[i+1,j−1] − F[i,j−1] − F[i+1,j], (8)
where F[k,l] := 0 when k > l or [k, l] = [0, n] and the usual planar X variables Xij is F[i,j−2]. Using
this solution to rewrite the integrand of the stringy canonical form IB({S})∏
0≤i≤j≤n
x
S[i,j]
[i,j] =
∏
0≤i≤j≤n
x
F[i,j]
[i,j] x
F[i+1,j−1]
[i,j]
/
x
F[i,j−1]
[i,j] x
F[i+1,j]
[i,j]
and we get that the u variables easily:
ui,j+2 := u[i,j] =
x[i,j]x[i−1,j+1]
x[i,j+1]x[i−1,j]
for 0 ≤ i ≤ j ≤ n, (9)
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with x[i,n+1] := 1 and x[−1,j] := 1, and it is straightforward to see that they satisfy u equations (5).
The ABHY construction of An is given by
S[i,j] = −C[i,j] for all i < j, F[i,j] ≥ 0 for all i ≤ j,
where C’s are positive numbers. As first introduced in [15, 16], it is convenient and illuminating to
represent these conditions in a meash diagram of 1 + 1-D lattice. For example, we can have the
following mesh for ABHY realization of A3:
00 0
[0, 0] [1, 1] [2, 2] [3, 3]
[0, 1] [1, 2] [2, 3]
[0, 2] [1, 3]
[0, 3]
where each diamond is labelled by [i, j] of the top corner 4, and it gives
C[i,j] = F[i,j−l] + F[i+1,j] − F[i,j] − F[i+1,j−1] . (10)
For each causal diamond, we have the Gauss law:∑
i≤a<j
k<b≤l
c[a,b] = F[i,k] + F[j,l] − F[i,l] − F[j,k]
where F[a,b] := 0 when a > b or [a, b] = [0, n]
Cyclohedron Bn The building set of Bn is B = {[i, i + k] : 0 ≤ i, k ≤ n} where the labels are
understood to be mod n+ 1. The facets are given by
F[i,j] =
∑
[k,l]⊂[i,j]
S[k,l],
and their solution is
S[i,i] = F[i,i], S[i,j] = F[i,j] + F[i+1,j−1] − F[i,j−1] − F[i+1,j] for i 6= j and [i, j] 6= [0, n],
4 It looks different with the usual mesh of An [15] where label of c follows the left corner in each diamond. This
is because the mismatch of the correspondence of labels Xij = F[i,j−2] and sij = S[i,j−1].
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and
S[0,n] = F[0,n] −
n∑
i=0
F[i,i−2] +
n∑
i=0
F[i,i−3],
where F[i+1,i] = F[0,n] = 0. Therefore, the u variables are
ui := u[i,i−2] =
x[i,i−2]
x[0,n]
, ui,j+2 := u[i,j] =
x[i,j]x[i−1,j+1]
x[i,j+1]x[i−1,j]
for i− j 6= 2. (11)
It is straightforward to work out the u equations, which can be put in a compact form [9]
1− ui = U[i+1,i−1], 1− uij = U[i+1,j],[j+1,i−1]U[j+1,i−1],[i,j−1]U2[j+1,i−1], (12)
where we introduce the notation
UA,B =
∏
a∈A,b∈B
uab, UA =
∏
a∈A
ua
∏
a<b∈A
uab.
Since the building set of An is contained in the building set of Bn, An is a degeneration of Bn,
which was not obvious in the previous construction of Bn.
The ABHY construction of Bn is similar: F[i,j] ≥ 0 for all [i, j] ∈ B and for i 6= j
F[i,j−1] + F[i+1,j] − F[i,j] − F[i+1,j−1] = C[i,j] for [i, j] 6= [0, n], C[0,n] =
n∑
i=0
F[i,i−2] −
n∑
i=0
F[i,i−3], (13)
where F[i+1,i] = 0 and the C’s are all positive constants.
Like An, Bn type cluster stringy canonical form also comes from a hyperplane arrangement, the
Shi arrangement [17]. The Shi arrangement contains n + 1 punctures {zi}i=1,...,n+1 on the real line
with the freedom of global transformation zi → zi + a which can be used to fix zn+1 = 0. The Shi
arrangement is given by the following hyperplanes
zi − zj = 0 and zi − zj = 1 for 1 ≤ i < j ≤ n+ 1,
and its stringy integral is
In =
∫
1>z1>z2>···>zn>0
dz1 · · · dzn
(1− z1)(z1 − z2) · · · (zn − 0)
∏
0≤i<j≤n
(zi − zj)sij(1− zi + zj)tij , (14)
where the positive region is given by 0 < zi − zj < 1 for 1 ≤ i < j ≤ n+ 1. We can also write the u
variables in terms of the z’s:
u1 = z˜1 − z2, . . . , un = z˜n − zn+1, un+1 = zn+1 − z1,
uji =
(zj+1 − zi)(zi+1 − zj)
(zj+1 − zi+1)(zi − zj) for i < j,
uij =
(z˜j+1 − zi)(z˜i+1 − zj)
(z˜j+1 − zi+1)(z˜i − zj) for i < j,
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where z˜i = zi+n+1 = zi + 1 and indices live in Z2n+2.
2.2 Degenerations of An with perfect u equations
The degenerations of An are given by setting some C’s in ABHY construction to zero or deleting the
corresponding elements in the building set. Note that the building set after deletion doesn’t need to
be a new building set, i.e. a degeneration of An may not be a generalized permutohedron. However,
we can still ask the following question: are these degenerations binary geometries? Of course, we
should require at least that the number of facets of the degeneration of An should be equal to the
size of the corresponding deleted building set minus one, i.e. its big polyhedron is a simplex. Before
answer this question, let’s first try to find all degenerations of An with this property.
From the following equations for facets {F[i,j]} of An
F[i,k] + F[j,l] − F[i,l] − F[j,k] =
∑
i≤a<j
k<b≤l
C[a,b]
where F[a,b] := 0 when a > b or [a, b] = [0, n], an standard way to get a degeneration whose big
polyhedron is a simplex is setting all C’s on the RHS of
F[i,j−1] + F[j,l] − F[i,l] =
∑
i≤a<j≤b≤l
C[a,b] for i < j = k + 1 ≤ l (15)
F[0,k] + F[j,n] − F[j,k] =
∑
0≤a<j
k<b≤n
C[a,b] for 0 < j ≤ n and 0 ≤ k < n
to be zero, and all wanted degenerations can be got by setting C’s to zero in several equations above.
From the viewpoint of the mesh picture, an equation above corresponds to a big diamond whose
top or bottom corner and all C’s are zero. For example,
A
0
C
B
or
A
B
C
0
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we can see that
A+ C −B = 0.
Since A,B,C ≥ 0, the above equation forces A and C to vanish when B = 0. Therefore, B
is no longer a facet of the degeneration. Similarly, black points are all vanishing facets in the
above example, and generally the number of vanishing facets equals the number of deleted C’s for
degenerations of this type.
One can use these diamonds to build a degeneration with more vanishing facets whose big
polyhedron is a simplex. For example, in A3
[0, 0] [1, 1] [2, 2] [3, 3]
[0, 1] [1, 2] [2, 3]
[0, 2] [1, 3]
[0, 3]
after setting C’s in green and purple diamonds to be zero, three facets (black points) vanish and
building set after deletion is
{[0, 3], [0, 2], [0, 1], [0, 0], [1, 1], [2, 2], [3, 3]}.
One can further check that it’s a cube (or A 31 ).
We can play the game for any degenerations of An, count black points and deleted C’s in
each degeneration, and find that for A2, A3 and A4, there’re respectively 4, 41 and 580 possible
degenerations whose big polyhedra are simplices. For these degenerations, we can easily find their
u variables if the set of all vanishing facets are known.
Suppose D is the set of all vanishing facets of a degeneration in the building set, we can read
from the mesh that
FI′ =
∑
I 6∈D
M II′FI
for any I ′ ∈ D , where M is a matrix with non-negative entries. Therefore,
∏
I∈An
uFII =
∏
I′∈D
u
FI′
I′ ·
∏
I 6∈D
uFII =
∏
I 6∈D
(
uI
∏
I′∈D
u
MI
I′
I′
)FI
,
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so the new u variables of the degeneration are
u˜I = uI
∏
I′∈D
u
MI
I′
I′ (16)
for any I 6∈ D . The simplest degenerations of An are those with one C[i,i+1] vanishing, where we get
F[i,i+1] = Fi + Fi+1,
with Fi = F[i,i], and we find the u variables become
u˜i = uiu[i,i+1], u˜i+1 = ui+1u[i,i+1], u˜I = uI for the other I 6= [i, i+ 1].
They satisfy the following u equation
1− u˜i =
∏
0≤a≤i−1
u˜[a,i−1]
∏
i+1<b≤n
u˜[i+1,b], 1− u˜i+1 =
∏
0≤a<i−1
u˜[a,i]
∏
i+2≤b≤n
u˜[i+2,b], (17)
and the other u equations are original u equations for {u[i,j] : [i, j] 6= [i, i], [i, i + 1], [i + 1, i + 1]}
in terms of new variables. Similarly, one can easily find the u variables and u equations for the
degenerations with C[i,i+1] = 0 for several i.
The next simplest degenerations of An may be products Ai×An−i, which can be realized as the
following mesh,
[i, i]
[0, i]
[i, n]
where C’s in green region vanish, i.e. C[a,b] = 0 for 0 ≤ a < i < b ≤ n. Vanishing facets of this
degeneration are
F[a,b] = F[a,n] + F[0,b] for 0 < a ≤ i ≤ b < n,
so new u variables are
u˜[0,b] = u[0,b]
i∏
a=1
u[a,b], u˜[a,n] = u[a,n]
n−1∏
b=i
u[a,b], (18)
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and u˜I = uI for the other I. The u equations are the union of u equations of the following two
independent meshes
· · ·
. . .
. . .
. . .
[0, 0] [i−2, i−2][i−1, i−1] [i, n]
[i−1, n][i−2, i−1]
[i−2, n]
[1, n]
[0, n]
[0, i−1]
[0, i−2]
· · ·
. .
.
. .
.
. .
.
[0, n]
[i+1, n]
[i+2, n]
[i+3, n]
[0, n−1]
[0, i+2]
[0, i]
[0, i+1]
[i+1, i+1]
[i+1, i+2]
[i+2, i+2]
One could use this construction of products to produce any finite product Ai1×· · ·×Aik . The direct
proof of this argument for An is using extended u equations [9, 13] of An.
We can generalize the simplest cases in another way:
[i, i]
[i, n]
setting
C[k,l] = 0 for 0 < i ≤ k < l ≤ n.
In this case,
F[k,l] =
l∑
m=k
F[m,m]
for i ≤ k < l ≤ n. Therefore,
u˜[k,k] =
∏
i≤p≤k≤q≤n
u[p,q] =
xk
x[i−1,k]
for k ∈ [i, n], u˜I = uI for the other I,
and their u equations are
1− u˜[k,k] =
i−1∏
j=0
u˜[j,k−1], (19)
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and the other u equations are old u equations in terms of new variables. When i = 1, the degeneration
is A n1 .
Similarly, we can also consider the following degenerations:
[0, i] [n− i, n]
setting
C[k,l] = 0 for l − k > i.
In this case,
F[k,l] = F[0,l] + F[k,n] for l − k ≥ i, 1 ≤ k ≤ n− i− 1 and i+ 1 ≤ l ≤ n− 1,
then
u˜[0,l] =
l−i+1∏
j=0
u[j,l], u˜[k,n] =
n∏
j=k+i−1
u[k,j].
Their u equations are
1− u˜[0,l] =
l+1∏
a=l−i+2
u˜[a,n] ·
l+1∏
a=l−i+2
a+i−2∏
b=l+1
u˜[a,b], 1− u˜[k,n] =
k+i−2∏
b=k−1
u˜[0,b] ·
k+i−2∏
b=k−1
k−1∏
a=max(b−i+2,1)
u˜[a,b]. (20)
When i = 1, we get A n1 again.
2.3 Degenerations of Bn and products
2.3.1 Degenerations of Bn
The general treatment of degenerations of Bn is more difficult than An because it has a long ABHY
condition eq.(13). Here we only show some examples of degenerations ofBn with perfect u equations.
The first degeneration of Bn with perfect u equations is An because the building set of An is
contained in the building set of Bn.
The simplest degenerations of Bn are those with C[i,i+1] = 0. For which we get,
F[i,i+1] = Fi + Fi+1,
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where Fi = F[i,i], so
u˜i = uiu[i,i+1], u˜i+1 = ui+1u[i,i+1], u˜I = uI for the other I 6= [i, i+ 1].
The u equations of this degeneration are
1− u˜i = u˜2[i+1,i−1]u˜[i−1,i−1]
i−2∏
a=i+2
u˜[a,i−1]u˜[i+1,a], 1− u˜i+1 = u˜2[i+2,i]u˜[i+2,i+2]
i−1∏
a=i+3
u˜[a,i]u˜[i+2,a],
and the other u equations are old u equations in terms of new u variables.
The above degeneration corresponds to deleting an element inBn, and the following degeneration
corresponds to adding an element to An.
Consider the building set obtained by adding the set Ki = [0, i] ∪ [i + 2, n] to An. It is also a
degeneration of Bn by setting the other C’s to be zero. It’s easy to solve equations of the facets and
get that
CKi = F[0,i] + F[i+2,n] − FKi , C[0,n] = FKi + F[0,n−1] + F[1,n−1] − F[1,n−1] − F[0,i] − F[i+2,n],
the other CI are given by eq.(10). Therefore, new u variables are
u˜Ki =
xKi
x[0,n]
, u˜[0,i] =
x[0,n]
xKi
u[0,i], u˜[i+2,n] =
x[0,n]
xKi
u[i+2,n],
and the other u˜I is equal to uI . The u equations are
1− u˜Ki =
∏
I3i+1
u˜I , 1− u˜[0,i] =
∏
J
u˜
J ||[0,i]
J
∏
K⊃[i+2,n]
u˜K , 1− u˜[i+2,n] =
∏
J
u˜
J ||[i+2,n]
J
∏
K⊃[0,i]
u˜K ,
where I||J are compatability degree of I and J in An, and the other u equations are corresponding
u equations for An in new variables.
For example, adding K0 to A2 we get B2, and adding K0 to A3 gives the following u equations
1− u˜3 = u˜2u˜12u˜012 1− u˜01 = u˜2u˜12u˜23u˜023u˜123
1− u˜1 = u˜0u˜2u˜23u˜2023 1− u˜2 = u˜1u˜3u˜01
1− u˜012 = u˜3u˜23u˜023u˜123 1− u˜023 = u˜1u˜01u˜12u˜012u˜123
1− u˜123 = u˜0u˜01u˜012u˜023 1− u˜0 = u˜1u˜12u˜23u˜2123
1− u˜12 = u˜0u˜3u˜01u˜23u˜2023 1− u˜23 = u˜0u˜1u˜201u˜12u˜2012.
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More generally we can consider adding a triangle namely ∪k−1l=0 ∪k−1m=l Ki,l,m with Ki,l,m = {[0, i+
l] ∪ [i + 2 + m,n]} and k = 1, . . . , (n− 1) to the building set of An. For k = 1 we get the previous
example and for k = n− 1 we get Bn.
Without loss of generality we shall consider only the i = 0 case and we shall denote K0,l,m by
just Kl,m. The u variables are
u˜Kl,m =

xKl,m
x[0,n]
, if m = l
xKl,mxKl+1,m−1
xKl+1,mxKl,m−1
, m 6= l u˜[0,l] =
u[0,l]∏k−l−1
j=0 u˜Kl,l+j
, u˜[m+2,n] =
u[m+2,n]∏m
j=0 u˜Kj,m
, (21)
with the understanding that K1,0 = K2,0 = [0, n] and the other u˜I is equal to uI .
The u equations are:
1− u˜[0,l] =
(
l−1∏
i=0
k+1∏
j=i+1
u˜[0,i]∪[j,n]
l+1∏
j=i+1
u˜[0,i]∪[j,n]
)(
l+1∏
i=1
n∏
j=l+1
u˜[i,j]
)(
k+1∏
i=1
u˜[i,n]
)
,
1− u˜[m+2,n] =
(
m∏
j=0
u˜[0,j]
n−m−1∏
i=1
u˜2[0,m+i]
)(
n−1∏
i=m+1
m+1∏
j=1
u˜[j,i]
)(
k−m−2∏
j=0
m∏
i=1
u˜[0,i]∪[3+j+m,n]
j+m+1∏
i=m+1
u˜2[0,i]∪[3+j+m,n]
)
1− u˜Kl,m =
(
1∏
a=0
n∏
i=l+1
u˜[a,i]
) ∏
Kl′,m′ 6⊂Kl,m
Kl,m 6⊂Kl′,m′
u˜
(l′,m′)||(l,m)
Kl′,m′

(
m+1∏
j=2
n∏
i=l+1
u˜[j,i]
)
×
{
1, if l = m∏l+1
i=0
∏n
j=m+1 u˜[i,j], if l 6= m
where (l′,m′)||(l,m) is the compatability degree of Kl,m with respect to Kl′,m′ in Bn with the
understanding that u˜[0,n] = 1 and the other u equations are corresponding u equations for An in new
variables.
2.3.2 Products of A and B
We can also construct binary geometries which are of the type
∏n
i=1 Xi where Xi = Ai or Bi which
are not necessarily degenerations of A or B. Without loss of generality we consider only the case
An ×Bm. We can do this in a couple of simple ways as follows:
(1) We consider the building set B1∪B2 with B1 = {[i, j] : 0 ≤ i ≤ j ≤ n} and B2 = {[i, i+k] :
n ≤ i, k ≤ m+ n}. Notice that these are just the building sets of An and Bm respectively.
If B1 and B2 were disjoint then its obvious that the stringy integral IB in (2) directly factorizes
into IB1 × IB2 , however the singlet {n} belongs to both B1 and B2. But by rescaling the variables
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in B2 by xi → xnxi for all i = n+ 1, . . . , n+m it is straightforward to see that the IB does indeed
factorize into IB1 × IB2 with xn playing the role of x0 = 1 in B2.
Notice that the above proof did not use the fact that B1,B2 were building sets of A , B and can
easily be carried forward to obtain any product of generalized permutohedra. The interested reader
may refer appendix (A) for details.
(2) Consider the building set B1 ∪ B2 with B1 = {[i, i+k] : 0 ≤ i, k ≤ m} and B2 = {[i, j] :
m < i < j ≤ n + m} ∪ {[0, i] : m ≤ i ≤ n + m}. B1 is obviously the building set for Bm, while
B2 can be viewed as the building set for An by identifying [0, n] as a singleton in B2. Due to this
identification, one can easily write down the u variables separately for B1 and B2, and check that
these u variables satisfy the u equations for An ×Bm.
3 Stringy canonical forms and binary geometries for general-
ized permutohedra
In this section we shall argue that a large class of generalized permutohedra which are realised as
degenerations of permutohedronPn are binary geometries. Before we proceed we shall review some
details about the generalized permutohedra [14,18] which we shall use throughout the paper.
3.1 Generalized permutohedra
A generalized permutohedron is a polytope that can obtained be as Minkowski sums and differences
of co-ordinate simplices.
Let ∆[0,n] = ConvexHull(e1, . . . , en) be the standard coordinate simplex in Rn+1. Then we have:
Pn({yI}) =
∑
yI .∆I (22)
for some collection of subsets I ∈ [0, n]. We shall restrict ourselves to the large class of generalized
permutohedra which admit such a realisation only as Minkowski sums except translations i.e, yI ≥ 0
for all non-singlets I5 which are called Nestohedra. Throughout the paper we shall mean Nestohedra
or products of Nestohedra whenever we refer to generalized permutohedra.
The combinatorial structure of the generalized permutohedron Pn({yI}) (Nestohedra) is inde-
pendent of yI and depends only on the collection of subsets I ∈ [0, n] of the building set B, which
is a collection of non-empty subsets of [0, n] satisfying the following:
5This is mainly due to the subtle nature of the Minkowski difference operation, which makes the shape of the
resulting polytope dependent on the relative magnitudes of yI ’s. We allow yI for singlets to be negative as it is only
a translation and to connect with (7).
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(1) If I, J ∈ B and I ∩ J 6= ∅, then I ∪ J ∈ B.
(2) B contains all singletons {i} for i ∈ S.
Here are some interesting examples of generalized permutohedra:
• If B = {[i]|i = 0, . . . , n} is the complete flag of intervals, thenPn({yI}) is the Stanley-Pitman
polytope or Hypercube.
• If B corresponds to all the non empty subsets of [0, n] and YI = y|I| i.e., the variables YI are
equal for all subsets of the same cardinality, then Pn({yI}) is the usual permutohedron Pn.
• If B = {[i, j]|0 ≤ i ≤ j ≤ n} is the set of consecutive intervals, then Pn({yI}) is the
associahedron An.
• If B = {[i, i+k] : 0 ≤ i, k ≤ n} is the set of cyclic intervals, thenPn({yI}) is the cyclohedron
Bn.
• Let Γ be a graph on the vertex set [0, n]. Let us assume that B = B(Γ) is the set of subsets
I ∈ [0, n] such that the induced graph Γ is connected, thenPn({yI}) is a graph associahedron.
Nested complex To describe the combinatorial structure we need the notion of Nested complex.
We shall only summarize the necessary results here and let the reader interested in the details to
refer [14, 18]. A subset N in the building set B is called a nested set if it satisfies the following
conditions:
(1) For any I, J ∈ N, we either have I ⊂ J or J ⊂ I or I and J are disjoint.
(2) For any collection of k ≥ 2 disjoint subsets J1, J2, . . . , Jk ∈ N their union J1 ∪ · · · ∪ Jk is not
in B.
(3) N contains all maximal elements of B.
The nested complexN(B) is defined as the poset of the set of all nested sets inB ordered by inclusion.
Facial structure Let us assume that the set B associated with a generalized permutohedron
Pn({yI}) is a building set on [0, n]. Then the poset of faces Pn({yI}) ordered by reverse inclusion
is isomorphic to the nested complex N(B).
In particular, it means that (1) the number of facets N of the generalized permutohedron just
corresponds to the set of all elements in B excluding the maximal element, and (2) two facets
corresponding to the sets I and J in B intersect i.e., are compatible with each other if and only if
either I ⊂ J , J ⊂ I or I ∩ J = ∅ and I ∪ J /∈ B.
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The face PN of Pn({yI}) associated with the nested set N ∈ N(B) is given by
PN =
{
(t0, . . . , tn) ∈ Rn+1|
∑
i∈I
ti = zI for I ∈ N;
∑
i∈J
ti ≥ zJ , for J ∈ B
}
, (23)
where zI =
∑
J⊂I,J∈B yJ for I ∈ B and coordinate simplices {∆I}I∈B are living in {ti}0≤i≤n-space.
In particular, the equation of the facet labeled by nested set {[0, n], I} of Pn({yI}) is given by∑
i∈I
ti =
∑
J⊂I,J∈B
yJ . (24)
Another description of the faces is the following: for each decomposition [0, n] = unionsqI⊂NSI where
SI are non-empty, the face PN of Pn({yI}) associated with the nested set N ∈ N(B) is
PN =
∑
J⊂B
J∩SI 6=∅
yJ∆J∩SI . (25)
In particular each facet of Pn({y}) corresponding to a set I ∈ B is isomorphic to the product
PBI ×PBI¯ of generalized permutohedra corresponding to the building sets
BI = {J |J ⊂ I, J ∈ B} (26)
and
BI¯ = {J − I|J ∈ B} (27)
Let us look at a couple of examples to appreciate these facts better:
(1) Consider the 2d associahedron with building set
B = {{0}, {1}, {2}, {0, 1}, {1, 2}, {0, 1, 2}}.
This polygon has 5 facets which correspond to the sets {{0}, {1}, {2}, {0, 1}, {1, 2}} and their com-
patability is shown in the figure below.
(2) Consider the 2d cyclohedron/permutohedron with building set
B = {{0}, {1}, {2}, {0, 1}, {1, 2}, {0, 2}, {0, 1, 2}}.
This polygon has 6 facets which correspond to the sets {{0}, {1}, {2}, {0, 1}, {1, 2}, {0, 2}} and their
compatability is shown in the figure below.
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Figure 1: Compatible\incompatible facets of the 2d associahedron (a) and permutohedron (b) as
generalized permutohedra
Generalized permutohedra have big polyhedra which are simplices. Thus its quite natural to
wonder if the associated u variables satisfy some kind of u equations. We claim and we shall show
in the next section that this indeed the case. Further we show that all these polytopes are binary
geometries even though some of them do not admit perfect u equations.
3.2 ABHY-like realizations and u variables for generalized permutohedra
As we mentioned earlier, one can write down a natural stringy integral (7) for generalized permuta-
hedron P(B), and its polytope is given by the Minkowski sum
Pn({−SI | I ∈ B, |I| > 1}) = −
∑
I∈B,|I|>1
SI .∆I ,
where ∆I = ConvexHull({ei}i∈I) is the coordinate simplex in (S0, . . . , Sn)-space, so the equation of
the facet labeled by I is given by eq.(24):
FI :=
∑
J⊂I,J∈B
SJ = 0. (28)
From the previous subsection we know that the big polyhedron of a generalized permutohedron is a
simplex. Therefore, we can write down the matrix W JA of the facets and obtain
SJ = FA(W
−1)AJ
and its u variables
uA =
∏
J
x
(W−1)AJ
J .
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Within generalized permutohedra, the original permutohedron is quite simple and important be-
cause any other generalized permutohedron can be obtained as a degenerated of the permutohedron.
The building set of the n-dimensional permutohedronPn is the set of all non-empty subsets of [0, n].
To get u equations, we should solve for SJ from FJ in eq.(28), the solution for the permutohedron
Pn is
SI =
∑
J⊂I
(−1)|J |−|I|FJ , (29)
This gives us the following ABHY polytope: setting SI = −CI for any non-singleton I ∈Pn, where
CI are positive constants, and the polytope is given by the alternating sum
FI ≥ 0, −CI =
∑
J 6=∅,J⊂I
(−1)|J |−|I|FJ (30)
in the {FI}-space. By eq.(23), this polytope is the n-dimensional permutohedron Pn({CI}), and it
is nice that it admits a simple ABHY-like realization. The ABHY construction of any generalized
permutohedron can be obtained by setting CI = 0 in Pn({CI}) for all I not in its building set.
For example, the building set of A2 is B(P2)−{{0, 2}}, its ABHY construction can be obtained
from P2 by setting C02 = 0,
0 = −C02 = F02 − F2,
therefore the whole ABHY conditions for A2 is
−C01 = F01 − F0 − F1, −C12 = F12 − F1 − F2, −C012 = −F01 − F12 + F1, FI ≥ 0,
and its solution in (F1, F2)-space is
F1 ≥ 0, F2 ≥ 0
F0 = C01 + C12 + C012 − F1 − F2 ≥ 0,
F12 = F1 + F2 − C12 ≥ 0,
F01 = C012 + C12 − F2 ≥ 0.
For another example, consider the building set
B = {{0}, {1}, {2}, {3}, {0, 1, 2}, {1, 3}, {0, 1, 2, 3}}.
It’s a degeneration of P3, where
C01, C02, C03, C12, C23, C013, C023, C123 = 0.
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Its u variables and u equations can be found at the end of section (3.4). By solving the ABHY
conditions for these CI = 0, we get the vanishing facets
F0i = F0 + Fi, F12 = F1 + F2, F23 = F2 + F3,
F013 = F13 + F0, F023 = F0 + F2 + F3, F123 = F2 + F13,
and the remaining ABHY conditions
C13 = F1 + F3 − F13, C012 = F0 + F1 + F2 − F012, C0123 = F012 + F13 − F1,
its solution in (F1, F2, F3)-space is
F1 ≥ 0, F2 ≥ 0, F3 ≥ 0
F0 = C012 + C0123 + C13 − F1 − F2 − F3 ≥ 0,
F13 = F1 + F3 − C13 ≥ 0,
F012 = C0123 + C13 − F3 ≥ 0.
Thanks to eq.(29), using the picture of big polyhedron, it gives u variables of permutohedronPn
uI =
∏
J⊃I
x
(−1)|I|−|J|
J . (31)
since ∏
I⊂[0,n]
uFII =
∏
I⊂[0,n]
xSII =
∏
J⊂I⊂[0,n]
x
(−1)|J|−|I|FJ
I =
∏
J⊂[0,n]
∏
I⊃J
(x
(−1)|J|−|I|
I )
FJ .
Let us look at the n = 2, 3 examples:
2d permutohedron In this case, the u variables can be written in terms of x variables as:
u0 =
x0x012
x01x02
, u1 =
x1x012
x01x12
, u2 =
x2x012
x02x12
, u01 =
x01
x012
, u02 =
x02
x012
, u12 =
x12
x012
.
The u equations are:
1− u0 = u1u2u212, 1− u1 = u0u2u202, 1− u2 = u0u1u201,
1− u01 = u2u02u12, 1− u02 = u1u01u12, 1− u12 = u0u01u02. (32)
which are the same as the u equations for B2.
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3d permutohedron In this case, the u variables can be written in terms of x variables as:
u0 =
x0x012x013x023
x01x02x03x0123
, u01 =
x01x0123
x012x013
, u02 =
x02x0123
x012x023
, u012 =
x012
x0123
,
and their cyclic permutations. The u equations are
1− u0 = u1u2u3u212u223u213u3123 (1 + u0u023u013u012u03u01u02) ,
1− u01 = u2u3u223u12u13u2123u2023u02u03 ,
1− u02 = u1u3u213u12u23u2123u2013u01u03 ,
1− u012 = u3u03u13u23u013u023u123 , (33)
and their cyclic permutations.The u variables and u equations ofP4 can be found in appendix (B).
3.3 Permutohedra as binary geometries
Int this subsection, we will show that the uI ’s for the permutohedron Pn, which are defined by
eq.(31), have the desired binary property. Recall that uI and uJ are compatible if and only if I ⊂ J
or J ⊂ I, otherwise they are incompatible. We will see that as uI → 0, all the incompatible uJ → 1.
Furthermore, we will show that the u variables compatible with uI become the u variables for the
facet P|I|−1 ×Pn−|I|.
A crucial observation here is that uI → 0 is equivalent to xI → 0 according to (31) since all xi
are positive. We can approach this limit by replacing xi with xi for all i ∈ I then taking  → 0.
Then the remaining task is just to consider the behaviour of the other uJ ’s under this limit.
Let us first show that the u variables incompatible with uI become 1 as uI goes to 0. It is obvious
that uI and uJ are incompatible if either (1) I ∩ J = ∅ or (2) I ∩ J 6= ∅, I, J . For the first case, let
us denote K = [0, n]− I − J as the complement set of [0, n] with respect to I ∪ J . Then we find the
logarithm of uJ can be written as
log uJ =
∑
κ⊂K,ψ⊂I
(−1)|κ|+|ψ| log(xJ + xκ + xψ) . (34)
As xi → 0 with i ∈ I, we have
log uJ →
∑
κ⊂K
(−1)|κ| log(xJ + xκ)
(∑
ψ⊂I
(−1)|ψ|
(|I|
|ψ|
))
= 0 (35)
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where the binomial expansion of (1− 1)|I| has been used. For the second case, the logarithm of uJ
can be written as
log uJ =
∑
ψ′⊂I′,κ⊂K
(−1)|ψ′|+|κ| log(xJ ′ + x(I∩J) + xψ′ + xκ) (36)
where I ′ = I − J , J ′ = J − I and K = [0, n] − (I ∪ J). Then a similar argument as in (35) gives
log uJ → 0 under the limit of all xi → 0 with i ∈ I.
Now let us consider the behaviour of compatible u variables under this limit. For J ⊂ I, we
again introduce I ′ = I − J and K = [0, n]− I, then the logarithm of uJ can written as
log uJ =
∑
ψ′⊂I′,κ⊂K
(−1)|ψ′|+|κ| log(xJ + xψ′ + xκ) (37)
Next, we replace xi with xi for all i ∈ I and take → 0, then
log uJ → lim
→0
∑
ψ′⊂I′,κ⊂K
(−1)|ψ′|+|κ| log(xJ + xψ′ + xκ)
= lim
→0
(
log +
∑
κ⊂K,κ6=∅
log xκ
)( ∑
ψ′⊂I′
(−1)|ψ′|
( |I|
|ψ′|
))
+
∑
ψ′⊂I′
(−1)|ψ′| log(xJ + xψ′)
=
∑
ψ′⊂I′
(−1)|ψ′| log(xJ + xψ′) (38)
Obviously, the expression in the last line of (38) is a u variable for the permutohedron P|I|−1. For
J ⊃ I, under the limit of xI → 0, the logarithm of uJ simply becomes
log uJ =
∑
κ⊂K
(−1)κ log(xI + xJ−I + xκ)→
∑
κ⊂K
(−1)κ log(xJ−I + xκ) (39)
where K = [0, n]− J , which is a u variable for the permutohderon Pn−|I|.
3.3.1 The u equations of Pn
For a permutohedron Pn, we can directly use eq.(28) to express xI in terms of {uI} which gives us
many algebraic equations for the u variables:∏
I
xSII =
∏
J
uFJJ =
∏
J
∏
I⊂J
uSIJ =
∏
I
(∏
J⊃I
uJ
)SI
,
so
xI =
∏
J⊃I
uJ (40)
26
for any I ∈ Pn, where we introduce a fake u variable u[0,n] := x[0,n]. We know some algebraic
equations of {xI}, for example, linear equations xI + xJ = xI∪J for I ∩ J = ∅, so∏
K⊃I
uK +
∏
K⊃J
uK =
∏
K⊃I∪J
uK
or equivalently ∏
I⊂K,K 6⊃I∪J
uK +
∏
J⊂K,K 6⊃I∪J
uK = 1. (41)
We can in fact use the above relations to find the u equations for Pn recursively as follows:
For I, J such that |I| = n and J = [0, n]−I = {i} we have 1−uI =
∏
i∈J uJ which is already an u
equation for uI . For |I| = n−1, J = {i} and {k} = [0, n]−(I∪J) we have 1−uIuI∪{k} =
∏
{i}∈J
J 6=I∪{i}
uJ
by rewriting 1− uIuI∪{k} = 1− uI + uI(1− uI∪{k}) and using the above equations we get
1− uI =
∏
{i}∈J
J 6=I∪{i}
uJ − uI
∏
{i}∈K
uK =
∏
{i}∈J
J 6=I∪{i}
uJ
(
1− uIuI∪{i}
)
(42)
More generally we can find the u equation for any I recursively by starting from |I| = n. We can
argue this inductively by assuming we know the u equations for all I such that |I| ≥ k.
We can now look at all the sets {I1, . . . , In} that contain |I| = k − 1 but not I ∪ J and arrange
them as |I| < |I1| ≤ |I2| ≤ · · · ≤ |In|
1−
∏
I⊂K,K 6⊃I∪J
uK = 1− uIuI1 · · ·uIn = 1− uI + uI(1− uI1 · · ·uIn)
= (1− uI) + uI(1− uI1) + uIuI1(1− uI2) + · · ·+ uI
n−1∏
i=1
uIi(1− uIn) (43)
Since |I| < |Ii| for any i, we already know the u equations for Ii and we can find the equation for
uI .
Let us consider the 2d example for which the relations are :
1− u1u12 = u0u02, 1− u2u12 = u0u01, 1− u12 = u0u01u02, 1− u01 = u2u01u12, 1− u02 = u1u02u12
and the u equations
1− u1 = u0u02(1− u1u01), 1− u2 = u0u01(1− u2u02), 1− u12 = u0u01u02
1− u01 = u2u01u12, 1− u02 = u1u02u12 1− u0 = u1u12(1− u0u01) (44)
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which is different non-perfect set of u equations for P2 unlike eq.(32)!
A nice fact about the u equations we obtain is that 1− uI are all at most linear and multi-term
in uI for any n. However, they do not make the factorization manifest at the level of u equations
as we take some uI → 0 all incompatible uJ → 1 but the u equations corresponding to other u’s
are trivially satisfied thereby not reflecting the facets of Pn (as can be seen by taking u12 → 0 in
eq.(44)).
The u equations for Pn similar to eqs.(32), (33) which do make factorization manifest are
complicated polynomials in the corresponding u’s. The most general u equations can be conjectured
to be:
1− uI = (1 + hI,n(u))
∏
J
u
(J ||I)
J (45)
where J runs over all sets incompatible with I, (J ||I) is a positive integer, called the “compatibility
degree”, and hI,n(u) is polynomial in uI such that hI,n|uI=0 = 0 which makesPn binary as we proved
using a different method in the previous section. But we do not have a closed form expression for
hI,n(u) for all n and I. We list some of them along with the P4 example in appendix (B).
Although the polynomial hI,n is very complicated for general I and n, we can still say something
about its “compatibility degree” J ||I in eq.(45). Using eq.(31),
1− uI = 1−
∏
J⊃I
x
(−1)|J|−|I|
J =
∏
|J |−|I| odd;J⊃I xJ −
∏
|J |−|I| even;J⊃I xJ∏
|J |−|I| odd;J⊃I xJ
=:
NI,n(x)∏
|J |−|I| odd;J⊃I xJ
, (46)
where NI,n(x) is a polynomial of degree 2|I¯|−1 in x. It’s easy to see that xi for i 6∈ I is a factor
of NI,n(x) by setting xi = 0, so we can define a new polynomial fI,n of degree 2|I¯|−1 − |I¯| with
non-negative coefficients such that
NI,n(x) = fI,n(x)
∏
i 6∈I
xi.
Using eq.(40), ∏
i 6∈I
xi
/ ∏
|J |−|I| odd;J⊃I
xJ =
∏
J 6⊃I
u
|J |−|I∩J |
J
∏
J)I
u
|J |−|I|−2|J|−|I|−1
J .
Since |J | − |I| − 2|J |−|I|−1 ≤ 0 for J ) I, it’s natural to rewrite eq.(46) as
1− uI = gI,n
∏
J 6⊃I
u
|J |−|I∩J |
J ,
28
where
gI,n = fI,n
/∏
J)I
u
2|J|−|I|−1−(|J |−|I|)
J = fI,n
/ ∏
J⊃I,|J|−|I| odd
|J|−|I|≥3
xJ .
It’s easy to see that gI,n = 1 +hI,n by taking xI → 0, where hI,n is a rational function of x such that
hI,n|xI=0 = 0. In fact,
NI,n|xI=0 =
∏
|J |−|I| odd;J⊃I
xJ−I =
∏
i 6∈I
xi
∏
J⊃I,|J|−|I| odd
|J|−|I|≥3
xJ−I = fI,n|xI=0
∏
i 6∈I
xi ⇒ gI,n|xI=0 = 1.
Therefore,
1− uI = (1 + hI,n)
∏
J 6⊃I
u
|J |−|I∩J |
J , (47)
and we conjecture that hI,n is a polynomial of u with non-negative coefficients, and the “compatibility
degree” is
J ||I = |J | − |I ∩ J | for I 6⊂ J, J ||I = 0 for I ⊂ J.
It’s clear that any compatible uJ for J ⊂ I doesn’t appear in the product because I ∩ J = J . Note
that it’s not symmetric when |I| 6= |J |.
3.4 Generalized permutohedra as binary geometries
Inspired by the u variables for permutohdera, we directly come up with the u variables for generalized
permutohedra. To this end, we first find all minimum extensions Ia of I in B, that is there is no
J ∈ B such that I ( J ( Ia, and we denote the collection of these extensions by GI . Then, the u
variables for the generalized permutohedron with the building set B are
log uI := log xI + (−1)k
∑
∅6={Ia1 ,...,Iak}⊂GI
log x(Ia1 , . . . , Iak) (48)
where the sum is over all nonempty subsets of GI , and we introduce
x(Ia1 , . . . , Iak) := xIa1∪···∪Iak
to avoid too many subscripts. Obviously, an equivalent form of eq.(48) is
log uI := (−1)k
∑
{Ia1 ,...,Iak}⊂GI
log
(
xI + x(Ia1 − I, . . . , Iak − I)
)
(49)
Let us consider several simple examples to illustrate this construction:
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(i) For a n-dimensional hypercube, G{0} = {[0, 1]}, G{i 6=0} = {[0, i]} and G[0,i] = {[0, i + 1]}. This
gives u0 = x0/x01, ui = xi/x[0,i] and u[0,i] = x[0,i]/x[0,i+1]. These are indeed the u variables for
the n-dimensional hypercube since ui+1 + u[0,i] = 1 for i ∈ [0, n−1].
(ii) For a n-dimensional associahedron,
G[i,j] =

{[i− 1, j], [i, j + 1]} if i 6= 0 and j 6= n
{[0, j + 1]} if i = 0 and j 6= n
{[i− 1, j]} if i 6= 0 and j = n
.
This reproduces the u variables (9) for the n-dimensional associahedron.
(iii) For a n-dimensional cyclohedron, G[i,i+k] = {[i− 1, i+ k], [i, i+ k + 1]}. This reproduces the u
variables (11) for the n-dimensional cyclohedron.
(iv) For a n-dimensional permutohedron, GI = {I ∪ {j}|j ∈ [0, n] − I}. This reproduces the u
variables (31) for the n-dimensional permutohedron.
For generalized permutohedra, as we have reviewed in sec.(3.1), uI and uJ are incompatible if I
and J are one of the following two cases:
(1) I ∩ J = ∅ and I ∪ J ∈ B ,
(2) I ∩ J 6= ∅, I, J ,
while uI and uJ are compatible if I and J satify one of the following three conditions:
(3) J ⊂ I ,
(4) I ⊂ J ,
(5) I ∩ J = ∅ and I ∪ J /∈ B .
We will follow the same argument as in the case of permutohedra: replacing xi with xi for all i ∈ I
and taking → 0, then considering the behaviour of the other uJ ’s under this limit case by case.
For case (1), some elements in GJ are subsets of I ∪ J since I ∪ J ∈ B. We denote the collection
of such elements by G I∪JJ . Then the logarithm of uJ can be written as
log uJ =
∑
{Ja1 ,...,Jak}⊂G I∪JJ
{Jb1 ,...Jbl}⊂GJ−G I∪JJ
(−1)k+l log
(
xJ + x(Ja1 − J, . . . , Jak − J, Jb1 − J, . . . , Jbl − J)
)
. (50)
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Since the second term in eq.(50) goes to x(Jb1 − J − I, . . . , Jbl − J − I) under the limits of xi → 0
with i ∈ I, log uJ goes to 0 under this limit as in eq.(34). The whole argument can be carried over
to case (2) by replacing xJ with xI∩J + xJ−I .
For case (3), we again denote G IJ as the collection of the elements in GJ which are subsets of I.
After replacing xi with xi for i ∈ I, we find the limit of log uJ as → 0 is
lim
→0
∑
{Ja1 ,...,Jak}⊂G IJ
{Jb1 ,...Jbl}⊂GJ−G IJ
(−1)k+l log
(
xJ + x(Ja1−J, . . . , Jak−J, (Jb1−J) ∩ I, . . . , (Jbl−J) ∩ I)
+ x(Jb1−I, . . . , Jbl−I)
)
=
∑
{Ja1 ,...,Jak}⊂G IJ
(−1)k+l log
(
xJ + x(Ja1−J, . . . , Jak−J)
)
. (51)
Remarkably, these are u variables for the generalized permutohedron with the building setBI defined
by (26).
Case (4) and (5) are quite trivial. For both cases, the limit behaviour of uJ as xI → 0 can be
simply obtained by replacing each xK in eq.(48) with xK−I . Remarkably, these are the u variables
for the generalized permutohedron with the building set BI¯ defined by (27).
Here we just showed that binary geometries exist for generalized permutohedra and gave the
corresponding u variables. The u equations are quite complicated in general, and we only have closed
formulas for An, Bn and their several degenerations. For permutohedra, we have just conjectured
the u equations are of form (45). More general, the u equations don’t even take the form of (45).
For example, consider the generalized permutohedron with building set
B = {{0}, {1}, {2}, {3}, {0, 1, 2}, {1, 3}, {0, 1, 2, 3}},
the corresponding u variables are
u0 =
x0
x012
, u1 =
x1x0123
x012x13
, u2 =
x2
x012
, u3 =
x3
x13
u012 =
x012
x0123
, u13 =
x13
x0123
.
The u equations are6
u0 + u2 + u1u13 = 1 , u1 + (u0 + u2)u3 = 1 , u3 + u1u012 = 1 ,
u012 + u3u13 = 1 , u13 + (u0 + u2)u012 = 1 .
We leave the study of compatible degrees and u equations for general permutohedra to future work.
6If we introduce u˜02 = u0 + u2, then u˜02 together with the remaining 4 u’s form A2
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4 Discussions
In this paper we introduced a large class of integrals, IB, which can be regarded as a family of
rigid stringy canonical formsfor generalized permutohedra P(B), and we show that corresponding
configuration spaces are always binary geometries. These rigid integrals satisfy the remarkable
property that, at any “massless” pole, i.e. poles of the leading order Ω(P(B)), the residue is given
by a product of two such integrals, IBL × IBR . Our results greatly extended the scope of binary
geometries and associated integrals with such “perfect” factorization properties, which were originally
thought to tie to the more special class of generalized associahedra for finite-type cluster algebras.
For infinite families of cases as degenerations of associahedra and cyclohedra (which belong to both
generalized permutohedra and generalized associahedra), we find additionally that the u equations
are “perfect” just like the case for cluster configuration spaces. Our preliminary investigations have
opened up various new avenues to be explored, and we end with listing some open questions.
Generalized permutohedra vs. generalized associahedra Our results provide an infinite
number of examples generalizing ordinary string integrals (and cluster string integrals of type Bn),
where the configuration space is determined by linear factors, or equivalently hyperplane arrange-
ment. In this sense, it is fair to say that we have only explored a very special corner in the world of
binary configuration spaces and associated stringy integrals. Even for cluster cases, it is unknown if
the cluster configuration space of type Cn can be realized by hyperplane arrangement (see also [19]),
and for type Dn and exceptional cases, the conjecture is that the spaces cannot be obtained this
way [9]; we expect that these cases do not belong to integrals with “linear” factors. It would be highly
desirable to look for a wider class of binary geometries which naturally incorporate both generalized
permutohedra and generalized associahedra.
On the other hand, it would be interesting to study the configuration spaces for generalized
permutohedra in a way similar to the cluster case. The u equations for e.g. Pd are certainly worth
further investigations, and one could ask if there might be any analog/generalization of cluster
algebra behind it. Another question concerns going beyond positive part of the space since it
is binary even in the complex case, and it would be nice to study complex space and connected
components of the real space. For the cluster case, connected components are in bijection with
sign patterns of the u variables allowed by the so-called extended u equations [9]. It would be
highly desirable to see if one could obtain all the extended u equations for e.g. Pd, which can help
us understand these questions better. Relatedly, the number of connected components and other
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interesting properties of the space can be inferred by counting the number of points in the space for
a finite field; since we are dealing with hyperplane arrangement, the point count N(p) is always a
polynomial. Just to illustrate the counting with some examples, since P2 = B2, the point count
is N(p) = (p − 3)2, and if we plug in p = −1 we have |N(−1)| = 16 connected components; we
find for P3, N(p) = (p− 4)(p2 − 10p+ 26), thus there are 185 connected components, and for P4,
N(p) = p4 − 30p3 + 345p2 − 1785p+ 3485 thus 5646 connected components.
Moreover, since we have found a variety of such geometries with perfect u equations from de-
generating An and Bn, it’d be very interesting to explore more cases with perfect u equations from
degenerations of other types, e.g. Cn and Dn. Along this direction, an intriguing possibility is to
classify binary geometries with perfect u equations from degenerating cluster cases; since any product
of such geometries still has perfect u equations, this amounts to find all elementary, non-factorizing
geometries with perfect u equations. More importantly, what are the possible interpretations of these
degenerations from cluster algebra; even for An−3, what are the meaning of these degenerations of
M0,n and the string integrals?
Generalized string integrals and applications One of the most pressing questions is to study
further these stringy integrals and their potential applications to physics. We would like to un-
derstand why these integrals factorize at finite α′ just as cluster stringy integrals, though most of
them are not related to cluster algebra. Recall that cluster stringy integrals of classical types are
natural α′-deformation of bi-adjoint φ3 amplitudes through one-loop [15], and in general the phys-
ical meaning of these integrals and their leading orders are unclear. A special class of generalized
permutohedra, called Cayley polytopes, have natural interpretations as sum of certain tree-level φ3
diagrams [20, 21]; for these cases, the stringy integrals provide a rigid α′-deformation of these φ3
“amplitudes” 7. It would be interesting to see what role do generalize permutohedra play in the
general story of formulating scattering amplitudes as differential forms [5, 7, 15,24].
We have not touched various properties of these stringy integrals, such as recurrence relations,
complex (and real) integrals with two different “orderings” and scattering (saddle-point) equations
and pushforward, It would be interesting to understand these points better, especially for the Pd
case, which is completely symmetric in the labels. The scattering equations read
Xi
xi
=
∑
I3i
cI∑
j∈i xj
,
which provide a one-to-one map from x ∈ Rd≥0 to Pd, and Ω(Pd) is given by the pushforward
7For other applications of generalized permutohedra to physics, see [22,23].
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via summing over the solutions. By plugging in p = 1 in the point count N(p), one can obtain
the number of solutions (saddle points), which also gives the dimension of the space of integral
functions [1]. For example, for d = 2, 3, 4, we have 4, 51, 2016 solutions respectively.
One class of examples which are particularly interesting are the Stokes polytopes and Accordio-
hedra [25, 26] associated with planar φp amplitudes. A nice fact about Stokes polytopes [26, 27] is
that any product of associahedra Ai1 × · · · ×Aik is a Stokes polytope of dimension n = i1 + · · ·+ ik;
more interestingly, degenerations of A3 with perfect u equations correspond to 3d Stokes polytopes.
Furthermore every Stokes polytope is a Minkowski sum of associahedra [28] and thus it would be
natural to consider them as these might provide nice class of physically relevant examples which also
play a role in classifying binary geometries with perfect u equations.
Beyond linear factors Throughout the paper we have considered stringy integrals with linear
factors whose Newton polytopes are coordinate simplices. In fact, one can discover more polytopes
which also have perfect u equations, once we consider non-linear factors. One particularly simple
class of examples we discover concern polytopes that are Minkowski sum of n line intervals and n−1
triangles, with Newton polynomials:
n∏
i=1
(1 + xi)
−α′ci
n−1∏
i=1
(1 + xi + xixi+1)
−α′ci,i+1 . (52)
It turns out this gives a family of simple n-dimensional polytopes with 3n−1 facets and the number
of vertices is given by the Pell number Pn (recursively defined as Pn = 2Pn−1 + Pn−2 with P1 =
1, P2 = 2). We refer to the polytope as Xn.
The big polyhedron is a simplex, and we find that the u variables take a very simple form:
u1 =
pn
qn
, u2 =
pn−1qn
pn−1,n
, u3 =
pn−2qn−1
pn−2,n−1
, . . . , un−2 =
p1q2
p12
, un−1 =
p2q3
p23
, un =
p3q4
p34
,
un+1 =
1
q1
, un+2 =
p12
q1q2
, un+3 =
q1
p23
, . . . , u3n−1 =
qn−1
pn−1n
(53)
where we denote pi := xi, qi := 1 + xi and pi i+1 := 1 + xi + xixi+1. Remarkably, for any n, we have
perfect u equations which fall into three types viz. 1−u being the product of two, three or four u’s.
The first type has 4 equations:
1− u1 = u3n−2u3n−1, 1− un−2 = un+1un+3, 1− un+1 = un−2un+2, 1− u3n−1 =

u2u3, n = 3
u1u4, n = 4
u1u2, n ≥ 5
(54)
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with the corresponding facets being Xn−1. The second type has n− 3 equations
1− un+4 = unun+2un+4un+6, 1− un+6+2i = un−3−iun+4+2iun+5+2iun+8+2i for i = 0, . . . , n− 5; (55)
with the corresponding facets being A m1 ×Xn−m−1. The third type has 2n− 2 equations, but we do
not yet have a complete classification of these facets. It would be nice to see ifXn’s are equivalent to
some degeneration of Pn, or if they are genuinely new binary geometries with perfect u equations.
Stringy integrals at finite α′ An important open question for stringy canonical form in general
is to understand structures both at higher orders in the α′-expansion and even at finite α′. The
leading order of (2) computes the canonical form of the corresponding polytope, which does not
depend on the coefficients of the polynomials, but higher orders do, and it would be interesting to
study α′ expansion for stringy integrals for e.g. permutohedra.
Moreover, having closed form expressions at finite α′ is certainly desirable. Our preliminary
study already provides some examples, and let us look at a toy example which was considered in [1]:
I(α′) =
∫ ∞
0
∫ ∞
0
dx
x
dy
y
(
1
x
+
1
y
+ xy
)−α′
We can use the symmetry in x, y to make a symmetric change of variables to u = x+ y and v = xy,
and the integral can be easily evaluated as
I(α′) =
∫ ∞
0
∫ u2
4
0
2du dv
v
√
u2 − 4v
(u
v
+ v
)−α′
=
Γ
[
α′
3
]3
3Γ[α′]
This is in fact a special class of a large class of integrals which all correspond to simplex case.
By using the integral identity
∫
Rn+
∏n
i=1
dxi
xi
xaii f (
∑n
i=1 xi) =
∏n
i=1 Γ(ai)
Γ(
∑n
i=1 ai)
∫∞
0
f(β)β
∑n
i=1 an−1dβ, we can
easily evaluate the following general integral for simplex:
I(α′, Xi, c) =
∫ ∞
0
· · ·
∫ ∞
0
n∏
i=1
dxi x
α′Xi−1
i
(
b+
n∑
i=1
aix
mi
i
)−α′c
=
b
α′
(∑n
i=1
Xi
mi
−c
)
(
∏n
i=1mi)(
∏n
i=1 a
α′Xi/mi
i )
∫ ∞
0
· · ·
∫ ∞
0
n∏
i=1
dyi y
α′Xi
mi
−1
i
(
1 +
n∑
i=1
yi
)−α′c
=
b
α′
(∑n
i=1
Xi
mi
−c
)
(
∏n
i=1mi)(
∏n
i=1 a
α′Xi/mi
i )
B
(
α′X1
m1
, . . . ,
α′Xn
mn
, α′
(
c−
n∑
i=1
Xi
mi
))
We shall leave the evaluation of more stringy integrals and related topics to future work.
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A Appendix: Degenerations of Pn which lead to products
In this section we consider degenerations of P give the most general products.
The maximal set of a building set Bmax is the set of all inclusion maximal elements of the building
set B. A building set B is connected if Bmax has a single element [18].
Theorem: If B1,B2, . . .Bn are connected subsets of a building set B then the corresponding
nestohedron NB is isomorphic to the product of the nestohedra NB1 ×NB2 · · · ×NBn [18].
The result follows as for any pair of connected building sets Bi,Bj either Bi ∪Bj = ∅ in which
case IBi∪Bj = IBi×IBj or Bi∪Bj = {k} in this we can rescale the xl → xkxl for l ∈ Bj to decouple
the integrals. Thus we always get IB = IB1 × IB2 · · · × IBn .
Using the above result we construct a degeneration of Pn which are the most general products i.e.,∏
pi
Xpi such that
∑k
i=1 pi = n by dividing the (n+ 1) singlets into k parts
[0, p1], [p1, p1 + p2], . . . , [
k−1∑
i=1
pi,
k∑
i=1
pi = n]
and using them to construct the building sets Bpi of Xpi
[∑(i−1)
j=1 pj,
∑i
j=1 pj
]
.
Example: degenerations of P4 into A 41 , A 21 × A2, A1 × A3, A 22 , A 21 × B2, A1 × B3,A1 ×
P3,A2 ×B2 and B22 .
For A 41 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34} where {0, 01}, {1, 12}, {2, 23}, {3, 34} gen-
erate the 4 A1’s which we denote as A1(0, 1)×A1(1, 2)×A1(2, 3)×A1(3, 4).
For A12×A2 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 234} generated by A1(0, 1)×A1(1, 2)×
A2(2, 3, 4)’s.
For A1×A3 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 123, 234, 1234} generated by A1(0, 1)×
A3(1, 2, 3, 4).
ForA 22 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 012, 234} generated byA2(0, 1, 2)×A2(2, 3, 4)
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For A12 × B2 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 24, 234} generated by A1(0, 1) ×
A1(1, 2)×B2(2, 3, 4)’s.
For A1 ×B3 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 14, 123, 234, 134, 124, 1234} generated
by A1(0, 1)×B3(1, 2, 3, 4).
For A1×P3 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 14, 13, 24, 123, 234, 134, 124, 1234} gen-
erated by A1(0, 1)×P3(1, 2, 3, 4).
For A2×B2 the building set is {0, 1, 2, 3, 4, 01, 12, 23, 34, 24, 012, 234} generated by A2(0, 1, 2)×
B2(2, 3, 4)
For B22 the building set is {0, 1, 2, 3, 4, 01, 12, 02, 23, 34, 24, 012, 234} generated by B2(0, 1, 2) ×
B2(2, 3, 4).
We can similarly find a degeneration of Pn which would correspond to any product.
B Appendix: Some u equations of Pn
Some of the u equations for the n-dimensional permutohedron are:
For |I| = n or n− 1 we have
1− uI =
∏
J 6⊃I
u
|J |−|I∩J |
J
and for |I| = n− 2,
1− uI =
(
1 +
∏
J⊃I
uJ
)∏
J 6⊃I
u
|J |−|I∩J |
J
The other u equations are not two or three term equations, and in general it has the form
1− uI = (1 + hI,n(u))
∏
J 6⊃I
u
|J |−|I∩J |
J ,
where hI,n(u) is conjectured to be a polynomial of {uJ | J ⊃ I} such that hI,n(u)|uI=0 = 0.
Let us write down the P4 example:
u0 =
x0x012x013x014x023x024x034x01234
x01x02x03x04x0123x0124x0134x0234
, u01 =
x01x0123x0124x0134
x012x013x014x01234
, u012 =
x012x01234
x0123x0124
, u0123 =
x0123
x01234
The u equations are
1− u0 = u1u2u3u4u212u213u214u223u224u234u3123u3124u3134u3234u41234(1 + h{0},4),
1− u01 = u2u3u4u02u03u04u12u13u14u223u224u234u2023u2024u2034u2123u2124u2134u3234u30234u31234(1 + h{0,1},4),
1− u012 = u3u4u03u04u13u14u23u24u234u013u014u023u024u2034u123u124u2134u2234u20134u20234u21234,
1− u0123 = u4u04u14u24u34u014u024u034u124u134u234u0124u0134u0234u1234
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where
h{0,1},4 = u01u012u013u014u0123u0124u0134,
h{0},4(u) =u0u301u02u03u04u
3
012u
3
013u023u024u034u
2
0123u
2
0124u
2
0134u0234u
3
014
+ u0u01u02u03u04u
2
012u
2
013u023u024u034u
2
0123u
2
0124u
2
0134u
2
014
+ u20u
2
01u
2
02u
2
03u
2
04u
2
012u
2
013u
2
023u
2
024u
2
034u0123u0124u0134u
2
0234u
2
014
+ u0u
2
01u02u03u04u
2
012u
2
013u023u024u034u0123u0124u0134u
2
0234u
2
014
+ u0u01u02u03u04u012u013u023u024u034u0234u014.
The other u variables and u equations can be obtained by permutation of the indices.
The 10 facets of P4 obtained by setting ui, uijkl → 0 are all P3 and the 20 facets obtained by
setting uij, uijk → 0 are all A1 ×P2 .
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